
 Recall that SXet has enough injectives so we can work with right derived functors

Examples

1 Consider the functor Mx 3 sexed Ab Then Rinx E Hi X F the cohomology

Given a s.es we get Sfunctors for a 1e s
2 Consider f y X of schemes Then foe SYee sexed by F u Fluxxy
This has a left adjoint f and also have higher direct images Rifae

3 We have morphisms X Es Xet Xzan which can also be derived We say a
flabby sheaf is if tu X Hiluet Fla o i 0 Then it preserves flabby sheaves

Thin
7io HpYx7Rofo sEte5IIFIEfxIYEy we harm the Levay spectral sequence with

2 For any triple Xe X its X we have the Grothendieck spectral sequence with
EPI R Roots F R 8Gt F

RootThin1.18 in chap3 EC Ba

These can be used to give a comparison Theorem

IThmi HiXzan F HiXftWC where WCF u x Tcuf F

Prod Since HPXzarR8itwu H 8 XfcWED its enough to show RootaWCF o
for q o One can compute this w Zech cohomology See EC Dk

Thin Let G be a quasiproj X scheme which is a group scheme Then calling by G the
sheaf G represents Hicxee G Hike G
Etaleacomplexcohomology
Let X be a smooth scheme over speed Then for any finite group A we
have Hising Xia 11 Hi Xet A
We usually take A 2 22 l prime and the inverse system with surjective maps

2 227 2 27
Then we can check whether or not Hit LimElena dimHif Henze
In the surjective case we are good

Det H XetXD dimHi Xa Mene andQe e'tale cohomology is given byH XetQe Hide zeQe
Now let G be a profinite group cf Gal Ksm and consider discrete Gmodules M
and this category is abelian with enough injectives We know Mt MG is left
exact andthe derivedfunctors give the Galois cohomology HilGm
HopeHMGD line H Chismreopennormal

subgrp

ICorollanyiH8Gim is a torsiongroup



One can compute using the complex of continuous cochains This is the analogue ofZech
cohomology See Serve Galois cohomology

Now consider a group UAG Ma Gmodule Decompose Mi MG byM MU mu
which is a composition of two left exact functors The spectral sequence is the
HochschildServe spectral sequence

If X Speck we know SCxet Gumod Then Hilxet F H GuMe where
the E where I Speck is a geometric point

ProfLetX be afinite Galois cowering with Galoisgrp G Then there is a spectral

sequence HochschildServed with HPGHHx'etF H 8xet.FI

Example
fLet x be an infinite Galois covering inverse limit offinite galois coverings with Galois

group G Then we want HPt8Xet F HPGHMX f F This indeedexists via a
limit of spectral sequences

Acomputation
Let be a scheme We wantto compute H KetGm Some setup X is an integral
regular quasicompact scheme Then we have a generic point g z X z Speck K is
the field of rational functions on X We get a sequence

I Gm g GmzDxu
with cokennel iv 27 with v running over all codim 1 points of X iv v X

Stephcompute Hi X Dx x H X iv27 Note H X iv27 How277 27
almost by definition Now we look atthe Lemay S.S.fi sX FeSCYe Then

Ez HowR4aF day Yet If ftp.tiqx.idf.rs
H XR'fF H XR'fF H XR'f F H4Xf F HEYF

H X f F H X f F H X f F

Now apply this to f in Speaker X 5 27 We get
A O HLXiv27 H v 27 H XR'iv27 HYX iv27 H v27

We claim R'iv 27 0
LemmyLet fit X be a morphism andF cS Yet Then for any izo Rifat is
The stratification of the presheaf U x Hicuxxy F

Proof Choose an iuj resolution O F I ThenRifat ithcohomology of f I which
is the sheaf associated to the claimed presheaf Da



So to prove the claim we show a vanishing result Let U X and it suffices
to show Hiluxv277 0 So

I speak Uxxv v Speckv OtH Speck a H Uxv 27
9sp d f H Gu27etu x

Exercise Let M be a trivial Gumodule Then H GuM Hom Gmm

H Gm227 0 Now H v E H Gv277 0 alsoby exercise24 Now we turnto H
All we know is 0 H XDx H vie Now we know H4v2 H Gv22 and
we use 0 27 Olya o

Exercise H Gr Q O Hqo as IQ is uniquely divisible

Hence 1124,22 H v.IQ z HomconCGuOya This is about as much as we can
say

Step2 Compute HTX g Gmz We again use the Leroy S.S which gives

O H X gGmz H'try Gimz H XR'gGmz H x gGmz Hk Gmz11
H z K
u
0 byHilbert 90

We again claim R'gGmz O By the same method we get the claim Using we
can extract what we need The last piece is H4zGimz HZCGu.tk Berck

Pie X H XetGmx

If X is a smooth curve over k E then we claim HTXet 6 7 0 if r 1
Indeed we see Ri iv 27 0 for all i o as r is a closed point respect and
since Riina sheafification of Cu xi shicvxxu.ee but vx U Spectre andhas
no higher cohomology

We can use a similar technique to deduce Rig Gun O Fiz 1 via Hilbert's
got a Tsar'sTheorem

If X is a smooth curve over it then class field theory H x Gm o
H3x Gm Ex and all higher ones vanish

Discussionof Hicx.G7 ie
Let G be any topological group X a top space Then usually H x G classifies
isomorphism classes of principal G bundles on X vice cockles

Exercised
it If His's is a cocycle for a principal G bundle show lui tij3i t G w hi't hi is a dm m



and so we get a quotient set Huyu a
eil Prove it'lU G iso classes of prior G bundles trivialized by U
Iii Define It X G lie It U G taken over refinement and show H x G
classifies prin hour Gspaces on X

Exercises If 0 G G G O is a s e s of top groups we get an
exactsequence of pointed sets 0 G x Glx G x H x G H xG H xG
where GLX HuntXG

Th Objects on X that locally am of the form Uixs are classified by thesetIit'cxAnts
In particular tTuspecket Glu classifies kmodules M with Muks a rank in
Ks module which of course are all vector spaces all iso Hence it vanishes

Now Berck classifies division algebras over k If D D are two such algebras
D UD is not a division algebra in general

Det A kalgebra A is a central simple algebra if
D A is a simple ring
2 dimuA co
3 ZIA k

An example is D uD and all division algebras or Mu D

IThin Any csu is isomorphic to MulD for some division algebra D

CoeCSA's form a commutative associative monoid under u with k the
identity

So we introduce an equivalence relation A Az iff A Mn D a AzMuzCD
forsome n anz

Exercise
1 A a Az CSA's A uAz is a CSA
2 A CSA Aop CSA
g a nap µ for gqq.gg4 A a csalk Kok then

Th The operation n descends to a group operation on CSA'sIn giving the
Brauergroup BrCk which is functorial in field extensions

Det If A is a CSA In then kck is a splitting field of A if A ckerlBrad Brca
called Bruh iff Axonk Multi
Every CSA has a splitting field that is finite over k dimnAnZ and any simple
subobject B every oreAutB comesfrom a ba ocb forsome aeA In addition we can
find C A with a subfield Kc C s t K w dime and K splits C andZeck k
and Khe is Galois



Let kcKcB as above and G Gal Khe Then GTK and take some oeG
Then we know or comes from conjugation ocy xoiyxo V.ieK Can show that
XcelOEG is a k basis of B Moreover xoccxox.ci c Zack K call this element
fCo0 and so f GxG K and satisfies some 2 cockle condition

Thin
1 f3EH4Gk depends only on B e Br c Brca
2 Get a grp hom Br Kla H G K

an µ3 It
Passing to the limit over finite Galois extensions we get Brch H4GuKds H Specket Gm
and hence Breck is torsion


